High Fidelity State Transfer Over an Unmodulated Linear XY Spin Chain 
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We provide a class of initial encodings that can be sent with a high fidelity over an unmodulated, 
linear, XY spin chain. As an example, an average fidelity of ninety-six percent can be obtained 
using an eleven-spin encoding to transmit a state over a chain containing ten-thousand spins. An 
analysis of the magnetic field dependence is given, and conditions for field optimization are provided. 
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I. INTRODUCTION 

The notion of using an unmodulated spin chain to serve 
as a channel for the transmission of quantum informa- 
tion was put forth by Bose in 2003 [l|. To improve the 
communication fidelity of the original proposal, a con- 
siderable effort has been made in order to find ways of 
preserving the integrity of a quantum state as it propa- 
gates across these quantum wires. It was recently shown 
that, in principle, perfect state transfer can be obtained 
between processors that are connected by any interacting 
media @ ■ Specific protocols which yield ideal state trans- 
missions have also been proposed using quantum dots 
[H, H| and spin-chain systems with non-identical couplings 
between pairs [5, 6]. It has also been shown that the fi- 
delity can be increased if one can dynamically control the 
first and last pairs of the chain Q . In fact, the fidelity can 
become arbitrarily large using this last method if there 
is no limit to the number of sequential gates that can be 
applied |8j. Perfect state transfer can also be obtained 
without prior initialization of the spin medium if one ap- 
plies end gates to a chain constructed with pre-engineered 
couplings Q. Furthermore, the communication can also 
be improved if the sender encodes the message state over 
the space of multiple spins rather than only one @, fiol — 
Ojj]. (For a nice review of the subject see Ref. [Hj].) 

In Ref. [To|, the authors cleverly chose to use the all- 
spin-down eigenstate to represent the |0) basis state of 
an encoded qubit and were able to find single excitation 
encodings for |1) that propagated with little dispersion 
through a spin ring. In their proposal both the sender 
and receiver have access to multiple spins. They also as- 
sumed that the receiver has the ability to unitarily focus 
the entire probability amplitude of finding the excitation 
within his region onto a single site. This method can 
enhance the transfer fidelity to values well above those 
which can be obtained using the original single spin en- 
coding scheme 

Using this protocol Haselgrove derived a method to 
obtain the initial encodings which maximize the fidelity 
of state transmission Q- His method was based on the 
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singular- value decomposition and can be applied to sys- 
tems that conserve the total z-component of spin. In par- 
ticular, his method can be applied to a chain of spin-1/2 
particles coupled via the XY interaction. His encodings 
are optimal in the sense that they maximize the prob- 
ability amplitude of finding the transmitted excitation 
somewhere within the receivers accessible region. This 
is a sufficient condition given the assumption that the 
receiver can perform the necessary decoding operation 
mentioned above. In this protocol the fidelity is mea- 
sured with respect to a single qubit output state although 
the initial encoding has been carried out using multiple 
spins. 

In Ref. [lH, a particular state was found to transfer 
well across relatively long XY coupled spin chains. It was 
shown that if the first and third spins were placed in the 
singlet state a fidelity of ninety percent or better could 
be obtained for chains consisting of up to fifty spins. The 
high fidelities do not depend on the dynamical control of 
the chain nor do they require the prefabrication of special 
couplings for each neighboring pair. The fidelities were 
determined according to the direct overlap between the 
received state and the actual state which was sent, i.e., 
the receiver was not required to implement a decoding 
unitary. Given the assumption that the chain was placed 
in the all-spin-down ground state prior to initialization, 
one can reliably transmit information to the receiving 
end using a simple two spin encoding. 

Motivated by this result, we have found a class of effec- 
tive fc-qubit encodings (k = 2,3,.. .) which can be used 
to reliably send an encoded qubit state over very long 
chains. Each member of this class has a structure similar 
to the singlet encoding of [HJ], with each increase in k 
yielding higher fidelities. We take these states to repre- 
sent the |1) basis of a logical qubit, with |0) taken to be 
the all-spin-down eigenstate. The paper will focus on the 
least technically challenging XY configuration; we con- 
sider linear arrays of spins having constant and equal ex- 
change couplings between neighboring pairs. As in [H, 
we will not require the receiver to implement a decoding 
operation, we simply let the encoded states propagate 
freely across the chain. As an example of the reliabil- 
ity of these states, we find that an eleven-qubit encoding 
can be sent across a chain containing ten-thousand spins 
and arrive with an average fidelity of ninety-six percent. 
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We analyze the influence of an external magnetic field 
and find that by isolating the system one can maximize 
the fidelity provided that the chain has an appropriate 
number of sites. 

We also compare our results to those which can be 
obtained using Haselgrove's method. We find that for 
small chains his optimal states give slightly higher fideli- 
ties than ours when the encodings are viewed to take 
place over the first r spins (r = 3,4, . . .) of the chain. 
However, our encoded states only use a subset of the first 
r spins, generally (r+ l)/2 spins are used. If we compare 
our n-spin encoding to Haselgrove's n-spin encoding, our 
method yields higher fidelities. Again, we emphasize that 
his fidelities are determined with the assumption that the 
receiver has applied a decoding operation while for our 
states no such requirement is necessary. For long chains 
our encodings actually converge to Haselgrove's optimal 
encodings and it is found that the fidelities are equal be- 
fore and after the decoding process has taken place. 

The second section of this paper will provide the nec- 
essary background for what follows. In Sec. Ill we will 
introduce this class of states and provide examples of the 
high fidelities which can be obtained when transferring 
members of this class over long chains. Sec. IV extends 
the analysis to encoded qubit states and discusses the 
associated average fidelities. That section also includes 
a discussion of the dependence of the fidelity on a global 
magnetic field. In Sec. V we will compare our results to 
those using Haselgrove's method. Finally, we will con- 
clude with a summary of our results in Sec. VI. 



II. UNITARY EVOLUTION OF A SPIN CHAIN: 
XY MODEL 

We will consider a linear chain of qubits with uniform, 
time-independent nearest neighbor couplings. The chain 
is subjected to a global magnetic field h (aligned along 
the z-axis) which is assumed to remain static over time. 
The Hamiltonian function of this V-spin system is 

T N-l N 

H = ^ E (°f°<+i + <ri°i+i) ~ h H ( IL1 ) 

i=l i=l 

where erf and af are pauli matrices acting on the ith spin 
and J determines the coupling strength. 

Following the usual convention, we will let |j) (j 
1.2 N) represent the state where all of the spins in the 
chain point "down" except for the spin at site j which has 
been flipped to the "up" state. The ground state will be 
denoted as |0) = \Hl ... Hi). In this paper we will focus 
strictly on the evolution of states encoded in the Hilbert 
spaces and where (H^) are respectively 
spanned by the states {|0)} ({|j) : j = 1, 2, N}). Since 
the Hamiltonian H (Eq. (|II.1[) ) commutes with JV =1 
states which are encoded into either space H (0) or «W 
will remain there in the absence of noise. 



An arbitrary initial encoding over the first r spins of 
the chain can be expressed in the notation above as 

r 

l*(0))=5>iU>' (H.2) 

3=0 

with Y^j=o \ a j\ 2 = 1 • This state evolves unitarily to 

N 

|^)>=ao|0> |j>, (IL3) 

where w 3 {t) = J2l=i ® s (j| ^ iHt |s) = £l=i a s f s>j (t). 
(We let H = 1 throughout.) The transition amplitudes 
f s ,j(t) are given by 

2 N 

f'J® = tvTi ^ sin (9™ s ) sin (^') e ~ lBmt ' ( IL4 ) 

with E rn = 2h — 2Jcos ((jVn), and q m = Ttm/(N + 1). 

Given the coefficients ay of an initial encoding along 
with the transition amplitudes provided in Eq. (|II.4[) one 
can calculate the fidelity of state transfer through an un- 
modulated, linear, XY spin chain. We will provide an 
expression for the fidelity in the next section and intro- 
duce a class of states which travel exceptionally well over 
a chain composed of a large number of sites. 

III. HIGH FIDELITY TRANSFER OF A CLASS 
OF STATES 

It was recently shown in Ref. [12[ that an initial en- 
coding of |*(0)) = (|1) - |3})/\/2 can be transferred 
with a relatively high fidelity (F » .9) to the opposite 
end of an unmodulated spin chain containing N s» 50 
sites. Since we are assuming that prior to encoding the 
entire chain has been cooled to its ground state, initializ- 
ing |*(0)) = (|1> - |3»A/2 = ^(|tf>i,3 - m> ll3 ) ® 
1 4-4-4- - - - n i s effectively a two qubit process. 

This encoding has a very simple structure; with the ex- 
ception of the singlet placed at the first and third site, 
every qubit remains in the ground state. 

This state belongs to a class of states which consists 
of effective fc-qubit encodings (k = 2, 3, 4, ...) each having 
a similar structure. We will label the state which corre- 
sponds to a specific k as \^k) and write them explicitly 
as 

1 fe-i 

l*^ = 7rE(- 1 )" l l 2m + 1 )' fc = 2,3,4,... (III.l) 

Each successive increase in k yields a higher fidelity of 
transmission as the spin chain grows large. To show this 
let us first express each member of this class in the form 
l^fc) = |<fe)<& ■■■ Hi), where \</>k) describes the state 
of the first r = 2fc — 1 spins of the chain. Ideally, at some 
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later time the chain would evolve to |L|i ••■ 4-44) ® \<t>k) 
in which case a perfect transmission would result. The 
fidelity between the "encoded" state \<pt) and the state 
corresponding to the last r spins of the chain p(t) is given 
by F — y/ {<f>k\ p{t) |0fc). Here p(t) is the reduced density 
matrix associated with the state of the receiver's spins 
and is obtained by tracing over all but the last r sites 
of the chain. Since a perfect transmission is described 
by \Hl ... HI) <£> \4>k), the state of the first spin of the 
encoding would ideally propagate to the [N — (r — l)]th 
site of the chain while the state of the last spin of the en- 
coding (the spin at the rth site) would ideally propagate 
to the Nth site of the chain. For example, when k = 2 
the initial encoding given by (|1) - |3))/y2 = QUI) - 
|44t))/v^<8> 14-4-4 ••■ 4-4-4-) would ideally evolve to the state 

14-4-4- ... Ill) ® (IT4-4-) - |Wt»/V2 = (|n - 2) - |N))/V2. 

In general, the fidelity between an initial encoding 
given by Eq. (|II.2[) and the received state can be ex- 
pressed as 



\ 



N-r 

£ 

i=l 



(III.2) 



i=l a i W ( 



and 



J (N-r+i)> 3 — 

this case we have a v — for even 



where G = |«o| 

v and a u = ±1/ \/k for odd v. 

Table I lists the maximum fidelity achievable F within 
the time interval [0,N] along with the associated arrival 
times to for the encodings \*f?k) {k — 2, 3, 4, 5). The table 
shows that as the number of spins grows large the fidelity 
increases as the value of k increases. We can also see that 
an increase in the number of spins does not necessarily 
imply a decrease in the fidelity. In fact, increasing N can 
actually increase F on occasion, e.g., notice this increase 
for the states |*4) and 1*5). Also, for a given number of 
spins the time in which this maximum fidelity is obtained 
is nearly equal for neighboring values of k. 

This trend of increasing fidelity with increasing k con- 
tinues as the number of spins gets very large. In Fig. [T] 
we plot the maximum fidelity which can be obtained 
for several states in this class as a function of N. The 
curves shown there correspond, from bottom to top, to 
the states |* 2 ), |*3), 1*4), 1*6), and |*n). For low val- 
ues of k (k < 7), an increase from k to k + 1 leads to 
an approximately 10% increase in F. When k gets larger 
than 6 an increase from k to k + 1 still yields higher 
obtainable fidelities, although the rate of change steadily 
decreases. For example, when N = 10, 000 the maximum 
fidelity which can be obtained when k = 2,3, 4, 6, and 11 
is respectively 25%, 36%, 47%, 64%, and 87%. We may 
increase the value of k beyond 11 to obtain even higher 
fidelities, the tradeoff, of course, comes at the expense of 
the additional resources needed for encoding. 

Since we have taken both h and J to be one the values 
associated with the times t are simply unitless numbers. 
Specific values for the nearest neighbor exchange con- 
stants associated with several chemical compounds are 
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k = 


5 






N 


100 


200 


300 


400 


500 


600 


F 


.93 


.88 


.89 


.90 


.90 


.89 


to 


51.50 


101.22 


151.02 


201.27 


251.56 


301.83 



TABLE I: Table showing the maximum fidelity achievable and 
the associated arrival times for the states \^k), k = 2,3,4,5 
as a function of TV. Note that the time has been calculated 
using J = 1. 



listed in [TJ] and range in absolute value from one to 
several hundred Kelvin. In order to translate the tabu- 
lated values of t into realistic values of time we consider 
a chain composed of the compound (N2H5)CuCl3 which 
has J = 4.1 K, For N — 100, the k = 2 encoding |* 2 ) 
yields a maximum fidelity of .83 at time to = \.12ps 
within the interval te [0, ^] . 

Since the ground state |0) is an eigenstate of the Hamil- 
tonian, and we have assumed that before the encoding 
process begins the chain has been cooled to this state, 
it makes sense to allow |0) to represent one of the ba- 
sis states of an encoded qubit. Let us define an encoded 
qubit which is spanned by the ground state and the fcth 
member of this class to be 



|60 = cos (9/2) |0) +e*+ sin (0/2) |*» 



(III.3) 



We will see in the next section how a global magnetic field 
can be used to increase the average fidelity of communi- 
cation to values well above those which can be obtained 
using the states |*fc) alone. 



IV. AVERAGE FIDELITY AND THE 
MAGNETIC FIELD 

So far we have not mentioned the magnetic field con- 

This is because 



tribution to the Hamiltonian (Eq. III. 1 
the effect of such a field is to apply equal phase shifts to 
all initial encodings which lie in and so the fideli- 
ties discussed thus far have been independent of h. We 
will now consider an encoded qubit which not only lies 
in H (1) but in U {0) as well. and are distinct 
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FIG. 1: (Color online) Maximum fidelity which can be ob- 
tained as a function of N for the states ^2,^3, *P4, ^6, and 
$11. (From bottom to top. There are no crossings.) The 
horizontal line lies at 90%. 



eigenspaces of the operator of the total z component of 
the spin; of ot = J2iLi a i- * s spanned by a single 

state, namely |0), which is also an eigenstatc of the to- 
tal Hamiltonian H. The associated energy of the ground 
state is chosen to be zero and therefore the coefficient 
attached to |0) in Eq. pil.3[) will not change over time. 



A global magnetic field is related to the fidelity 
through the transition amplitudes f s ,j(t) in Eq. (III. 41) . 
For what follows let us re-express these ampli- 
tudes as f s ,j(t) = e~ 2lht f S j(t), where f s ,j(t) = 
lvTTEm=i sin (9ms)sin( gm j)e 2iJtcos ( 9m ) is independent 
of h. The fidelity Fk of state transfer for the encoding 
|£fc) can be calculated to be 



1 2 / 
cos * - + — sin 6 Re 



2 2k 

k 



2iht 



■ 4 

• sin 



Ef 1 \m+l/~i* 

m=l 

21 1/2 

2J (-l)" l+1 C]v+2(m-fc) (*) 



(*) 



N+l-2k 



(IV.l) 



where C v {t) = ^(-l) 1 'iW,^*). Since the C »$) 
are independent of the applied field h the depen- 
dence of Fk on this quantity comes strictly from 
the second term in Eq. (|IV.1|) . If we let L(t) — 



sELi(-i) m+1 c 

ond term of Eq. pV.ll) as 



N+2(m-k) 



(t) we can express the sec- 



(0) 



h k = — (cos (2ht)Re [L(t)\ - sin (2ht)lm [L(t)]) . 

(IV.2) 

It is shown in the appendix that f s ,j(t) is purely real 
if s and j are both even or both odd and that f s j(t) is 
purely imaginary if s is even and j is odd or j is even 
and s is odd. This implies that L{t) is real when N 
is odd and that L(t) is imaginary when N is even. In 
either case the fidelity will oscillate with respect to h 
with a frequency given by v = t/ir. Since |^fc) reaches its 
maximum fidelity at roughly to w N/2 (see Table I), the 
frequency of oscillation with h is roughly v N/2n at 
the time at which is to be measured. This increase in 
the sensitivity of Fk to variations in h as the chain grows 
larger can be seen in Fig. [5] There the solid and dashed 
lines respectively give the maximum fidelity for the states 
(|0) + \^ 2 ))/V2 and (|0) + |*4))/\/2 as a function of h. 

The graph clearly shows an increase in the frequency as 
the number of spins rises from N = 51 to N — 201. Also, 
since the fidelity of the state \^>k) is given by \L(t) \ we see 
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FIG. 2: (Color online) Magnetic field dependence of the fi- 
delity for the state (|0) + |* fc ))/V2. The solid (dashed) lines 
correspond to k = 2 (fc = 4). The two lower (higher) fre- 
quency curves have been calculated for N = 51 (N = 201). 
Curves associated with a specific k have been calculated with 
respect to the time which maximizes [^fc). 



a decrease in the amplitude of these curves for increasing 
N. (Note that the square root results in an asymmetry of 
these curves about the value corresponding to cos (2ht) = 
0.) The fact that the frequency grows linearly with N 
suggests a technical challenge in the realization of these 
maximum fidelities for long chains. For example, for a 
chain composed of N = 10, 000 sites a change in h on 



5 




0.05 



0.10 



0.15 



0.20 



0.25 



FIG. 3: (Color online) Magnetic field dependence of the fi- 
delity for the state (|0) + \9 k ))/V2. The solid (dashed) lines 
correspond to k = 3 (k = 5). The two lower (higher) fre- 
quency curves have been calculated for N = 51 (N = 201). 
Curves associated with a specific k have been calculated with 
respect to the time which maximizes I'VPfc). 



The two higher frequency curves are nearly indistinguish- 
able since the fidelities for ^3) and ^5), and thus the 
two amplitudes, are nearly equal for N = 201 (see Ta- 
ble I). 

When the applied field h is chosen such that it maxi- 
mizes Fk the fidelity of the state |^) decreases smoothly 
from unity when 6 — to a minimum value when 
|£fc) = l^fc}- (Notice that Fk is independent of (/).) This 
behavior is illustrated in Fig. 0] for k = 2 and k = 3. The 
fidelities shown in that figure have been calculated for 
isolated chains (h — 0) containing N — 203 and N = 201 
respective sites. 

Since |0) is an eigenstate of the Hamiltonian the av- 
erage fidelity of |^) will be greater than the fidelity of 
\^k) alone when h is chosen to maximize F^.k- This 
occurs when h takes on a value such that the product 
cos (2ht)Re[L(t)] or (— sin(2M)Im|X(i)]) is positive and 
equal to |£(t)|- At these points the fidelity Fk becomes 




Frnax 
k 



cos 4 - 



sin 



1 AT+l-2fc N 



+ sin^|i(*)| 2 



1/2 



rn — 1 



(IV.3) 



The average fidelity of FIJ 1 ^ can be calculated as 



In 



pavg _ 



F^ ax sin [6)d0 



(IV.4) 



FIG. 4: (Color online) Fidelity when transferring the state 
\£k) over an isolated spin chain. The solid (dashed) line cor- 
responds to k = 2, N = 203 (k = 3, N = 201). Curves asso- 
ciated with a specific k have been calculated with respect to 
the time which maximizes \^k}- 



the order of Ah ~ 10 4 will shift Fk from its maximum 
value to its minimum value. 

Instead of trying to maximize the value of Fk by finely 
tuning some nonvanishing magnetic field, one could at- 
tempt to isolate the chain in order to achieve that same 
value if the number of sites are appropriately chosen. 
Since L(t) is real when N is an odd number the fidelity 
Fk is either minimized or maximized when h = and N 
is odd depending on whether L(t) is positive or negative 
(see Eq. pV.2[l ). For a given k the sign of L(t) alternates 
as the number of spins is increased by two. If k is even 
the fidelity will be maximized (i.e, L(t) is strictly posi- 
tive) when h = if JV can be written as N = 3 + 4m for 
some integer m, otherwise Fk will be minimized at ft, = 0. 
Similarly, if k is odd the fidelity will be maximized when 
h = if N can be written as N = 1 + 4m' for some other 
integer m', otherwise Fk will be minimized at h = 

Figure 3 shows the magnetic field dependence of the fi- 
delity for the states (|0) + |* 3 ))/\/2 and (|0) + 1* 5 ))/\/2- 



Figure [S] exemplifies the high average fidelities which can 
be obtained when transferring the states over long 
chains. Even for chains containing 10,000 sites the lowest 
value of the average fidelity, corresponding to ^2), is still 
roughly 85%. For an N = 10, 000 spin chain the aver- 
age fidelities associated with the states ^3) and |£n) are 
respectively 87% and 96%. 
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FIG. 5: (Color online) Average fidelity of the states for 
k=2,3, and 11. (From bottom to top. There are no crossings.) 
The horizontal line lies at 90%. 



V. OPTIMAL STATE ENCODING 

We will now compare our results to those which can 
be obtained using Haselgrove's optimal encoding scheme 
7]. Specifically, we will compare the maximum fidelities 
that can be obtained in either case for initial encodings 
that take place over equal regions of the chain. 

In what follows we will assume that Alice and Bob 
respectively have access to the first and last r sites of a 
linear spin chain and that the system evolves according to 
the Hamiltonian given by Eq. (jll.ip . Using the notation 
of 0, E3] we may express an arbitrary initial encoding of 
the chain as 

|*(0)) = (a|0) A + i 8|l ei , c ) jl )<8|Oh, (V.l) 

where |l e n C ).4 £ W^' and A (A) refers to the spins which 
Alice does (does not) control. Since |0) is an eigenstate 
of the system we may write the evolved state \^>(T)) — 
e -iHT | vjy (0)) in the general form 

|*(T)) = Py/1 -Cb(T)\t,(TJ) (V.2) 

+ |0) 5 [a|0) B +/3v^(T)|7(T)) B ]. 

Here Cb (T) gives the probability that the excitation has 
transferred into the receivers accessible region. \^(T)) B 
is a some normalized state that is orthogonal to |0) B and 
\t](T)) is some normalized state that is orthogonal to all 
states of the form |0) B ® \ v )b- ^ s was mentioned in the 
introduction, according to this protocol the receiver will 
apply a decoding unitary to his accessible spins such that 
the probability Cb (T) will be transferred to a single spin 
site. After this has occurred the fidelity between the final 
output qubit state and the intended message state can be 
expressed as 

H 4 + [1 + 2^Cb1T) - C B (T)]\a\ 2 \(3\ 2 + C B (T)|/3| 4 ] V ' 

(V.3) 

(We note that the global square root does not appear in 
Ref. [l(|.) Since we are only concerned with the |l e nc)yi 
states, we will set a — and (3 — 1. The fidelity asso- 
ciated with an encoding |l enc )^ over the first r spins of 
the chain is then 

F r = y/C B {T). (V.4) 

If we let P_a and Pg represent the projectors onto 
Alice's and Bob's accessible subspaces we may express 
C B {T) as 

C B (T) = \\P B e~ im \l enc ) A ® \0) A || 2 , (V.5) 

where 1 1 • 1 1 represents the li norm. Haselgrove's optimal 
states are those which maximize Cb{T). They corre- 
spond to the first right singular vectors of Pb e~ lHt P4. 
For an encoding which uses r spins, we will refer to the 
optimal state as |$) r . 

Table [TT] provides the maximum fidelities which can 
be obtained for the states |$) r [r = 3, 5, 7, 9) as a func- 
tion of N . The difference between these maximum values 
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l*>3 



N 


100 


200 


300 


400 


500 


3000 


F 3 


.85 


.75 


.68 


.64 


.60 


.36 


A 3 


.02 


.01 


.00 


.00 


.00 


.00 


d 3 


.13 


.09 


.07 


.06 


.05 


.02 


t 


51.75 


102.36 


152.76 


203.07 


253.33 


1506.14 




N 


100 


200 


300 


400 


500 


3000 


F 5 


.96 


.91 


.86 


.82 


.79 


.52 


A 5 


.06 


.03 


.02 


.01 


.01 


.01 


d 5 


.27 


.19 


.15 


.13 


.11 


.04 


to 


51.08 


101.74 


152.20 


202.55 


252.84 


1505.83 




N 


100 


200 


300 


400 


500 


3000 


F 7 


.99 


.97 


.95 


.92 


.90 


.64 


A 7 


.11 


.07 


.05 


.04 


.03 


.01 


d 7 


.40 


.29 


.25 


.21 


.19 


.07 


to 


50.25 


101.00 


151.45 


201.89 


252.20 


1505.51 




N 


100 


200 


300 


400 


500 


3000 


F 9 


.99 


.99 


.98 


.97 


.96 


.75 


A 9 


.06 


.11 


.10 


.07 


.06 


.01 


dg 


.52 


.40 


.34 


.29 


.26 


.12 


to 


49.4 


100.21 


150.74 


201.14 


251.49 


1505.00 



TABLE II: Table showing the maximum fidelity achievable 
and the associated arrival times for the states |3v), r — 
3, 5, 7, 9 as a function of N. A r gives the difference between 
the maximum fidelities associated with |$ r ) and \t(r + l)/2). 
The quantity d r — | |$) r — \^)( r +i)/2 I i s a l so gi ven - Note that 
the time has been calculated using J = 1. 



and those associated with the states |^ , )( r+ i)/ 2 is given in 
terms of A r . We see that as the ratio of the number of en- 
coded spins to the total number of spins approaches zero 
the value of A r also goes to zero. The table also gives 
a measure of how close these states resemble the |^) fc 
in terms of the quantity d r = \ |$) r — l*)( r +i)/2 I- For 
large chains our states actually converge to the optimal 
states obtained using Haselgrove's method. It is interest- 
ing to note that in all cases the times which maximize the 
fidelity is nearly the same for both our states and Hasel- 
grove's states for encodings that take place over the first r 
spins. The fact that A r approaches zero for large chains 
is also interesting since the fidelities which were calcu- 
lated for our states were taken place before any decoding 
operation while the fidelities associated with Haselgrove's 
states were determined after this assumed operation had 
occurred. This implies that for large chains the fidelities 
associated with these optimal states are independent of 
the decoding operation. 
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VI. CONCLUSION 



and 



The fc-qubit encodings which we have introduced can 
be used to reliably transmit information over very large 
spin chains. Their simple structure was shown to yield 
high transfer fidelities after the system was allowed to 
evolve freely for some specified time. These successful 
transmissions did not require the dynamical control or 
individual design of the exchange couplings, nor did they 
require the implementation of decoding operations at the 
receiving end. When the chains are placed in a global 
magnetic field the fidelities associated with these states 
were found to become highly sensitive to fluctuations in 
the field strengths as the chains become large. The fre- 
quency of the fidelities oscillation with the field was de- 
termined to be proportional to the number of spins in the 
chain suggesting the technical difficulties associated with 
achieving these high values for large N. It was found that 
if the chain contained an appropriate number of sites the 
fidelity could be maximized when the chain was isolated 
from the field. When k is an even number the fidelity will 
take its maximum value when h = if N can be written 
as N = 3 + 4m for some integer m. Similarly, if k is odd 
the fidelity will be maximized when h = if N can be 
written as N — 1 + 4m' for some other integer mf. 

A comparison with Haselgrove's optimal encodings [7| 
was also given. It was shown that for small chains his 
states will yield slightly higher fidelities than ours when 
the encodings are viewed to take place over the first r 
spins of the chain. However, since our states only re- 
quire the initialization of k of the first r = 2k — 1 spins, 
preparation of our states would appear easier for near- 
future realization. For large chains our states converge 
to Haselgrove's optimal encodings, and can transfer with 
fidelities that are independent of a decoding stage. It 
is interesting that these even site encodings yield much 
higher fidelities when compared to the analogous odd site 
encodings. However, the fundamental reason for their 
success in propagation remains unclear. 

Given the simple structure inherent to our encodings, 
along with the minimal technical requirements needed for 
reliable transmission, we believe that these states could 
serve as useful message carriers over large spin chains. 



VII. APPENDIX 



We will show here that the fs,j{t) 



lvTTE m =i sin (9ms)sin((7 m j)e 2lJtcos( ' ?m) are either 
purely real or purely imaginary. First notice that for 
s = 1, 2, N and 5 = 0, 1, 2, JV-lwe have 

sin(g(Ar_a)s) = sin (q s (N - 5)) 

= sin (q s N) cos (q s 5) - cos (q a N) sin (q s S), 

(VII.l) 



with 



cos(g s A) = (-l) s cos(g s ). 
So we have the identity 

sm(q {N _ 5) s) = (-l) s+1 sin(q (1+(5) s). 
It can also be shown that the following relation holds 

COS (q(N-S)) = ~ COS (?(!+*)). (VII.3) 



(VII.2) 



Equation (|VII.2I) implies that sin (q^ 1+s ^s) sin (q(i + s) j) = 
sin (q(N-s)s) sin {q(N-S)j) if s and j are both even 
or both odd, and that sin (q^i + ^s) sin {q(i+s)j) — 
— sin (q(N^s)s) sin {q(N~s) j) if s or j is even while the 
other is odd. Let us now consider four cases. 

Case (1): The number of spins TV is even while 
s and j are both even or both odd. In this case 

the (1 + 8)th term of the series Re f s ,j(t) — 

IvTT ELi sin (irns) sin (q m j) cos (2 Jt cos (q m )) will 
equal the (N — 6)th term since cos (— x) = cos(x). 
Also, since N is even every term in the series can be 
matched with another term. Since sin (x) = — sin (— x) 

the (1 -I- 5)th term of the series Im f s ,j(t) = 

IvTT El=i sin (qms) sin (q m j) sin (2 Jt cos (q m )) will 
cancel with the (N — S)th term. N is even so every term 

will cancel. In this case f s .j(t) = Re f s ,j(t) . 

Case (2): The number of spins N is odd while s and j 
are both even or both odd. The situation here is the same 
as for the previous case except now one has to account for 
the (N + l)/2th term. Since cos (2Jt cos (qiN+i)/2)) = 
1 and sin (2Jt cos ((JYjv+iwa)) = we find that 

Im 



again for this second case. Consequently 



f s , j (t)=Re[f s , j (t) . 

Case (3): N and s are even while j is odd or N and 
j are even while s is odd. In this case the (1 + S)th 
term will equal (cancel) the (N — S)th term of the series 



expansion for Im 



f s ,j(t) (Re f s ,j(t) )• N is assumed 



to be even here so every term in Re 



fs,j(t) 



will cancel 

Is At) ■ 



with another term. In this case f s j(t) = Im 

Case (4): N and s are odd while j is even or N and 
j are odd while s is even. Again, the only difference 
between this case and the last is due to the fact that 
the (N + l)/2 th term cannot be matched up with an- 



other term. This middle term is zero for Im 



it was in case two. For Re 



fa A*) 



sm(q s N) = (-l) s+L sm{q s ) 



f s ,j(t) this term is equal to 

-f^rf sin (tts/2) sin (irj/2) = since either s or j is even. 

So for this case f s ,j(t) = Im f s .j(t) . 

In every case f s ,j{t) is either purely real or purely imag- 
inary. Whether f s ,j(t) is real or imaginary depends on 
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the indices s and j. Regardless of the number of spins in odd and f s ,j(t) is imaginary if s is even and j is odd or 
the chain, f s j{t) is real if s and j are both even or both j is even and s is odd. 
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